We show that a recently discovered relation, which expresses tree-level single trace EinsteinYang-Mills amplitudes with one graviton and (n − 1) gauge bosons as a linear combination of pure Yang-Mills tree amplitudes with n gauge bosons, can be derived from the CHY representation. In addition we show that there is a generalisation, which expresses tree-level single trace Einstein-Yang-Mills amplitudes with r gravitons and (n − r) gauge bosons as a linear combination of pure Yang-Mills tree amplitudes with n gauge bosons. We present a general formula for this case.
Introduction
On the one hand, relations between amplitudes in gauge theories are useful for reducing the number of independent amplitudes and have an application in the simplification of multi-leg amplitudes. On the other hand, relations between amplitudes in different theories are very interesting, as they connect two otherwise unrelated theories. A prominent example is the relation between graviton amplitudes in perturbative quantum gravity and gauge theory amplitudes, provided by the KLT relations [1] , BCJ duality [2] or the CHY representation [3] .
In this paper we are concerned with amplitudes in Einstein-Yang-Mills (EYM) theory. These amplitudes consist of gauge bosons and gravitons. Tree-level Einstein-Yang-Mills amplitudes were studied in [4] using BCFW recursion relations. A CHY representation of Einstein-YangMills amplitudes was worked out in refs. [5, 6] . In the context of string theory Einstein-YangMills amplitudes have been studied extensively using the so called "disk relations" [7] [8] [9] [10] [11] [12] [13] [14] . In a recent paper, Stieberger and Taylor [11] presented a relation relating tree-level single trace Einstein-Yang-Mills amplitudes with one graviton and (n − 1) gauge bosons to a linear combination of pure Yang-Mills tree amplitudes with n gauge bosons, by considering the low-energy limit of string theory and by taking appropriate collinear and soft limits. They raised the question, if this relation can be derived from the CHY representation. In this paper we show that this is indeed the case and deduct this relation from the CHY representation. Our derivation directly leads to the generalisation towards r gravitons and (n − r) gauge bosons. We provide a general formula, which relates tree-level single trace Einstein-Yang-Mills amplitudes with r gravitons and (n − r) gauge bosons to a linear combination of pure Yang-Mills tree amplitudes with n gauge bosons. 1 The CHY representation is based on the scattering equations [3, 16, 17] and has triggered significant interest in the community . In addition, there are interesting connections with string theory [42] [43] [44] [45] [46] [47] [48] [49] and gravity [50] [51] [52] [53] [54] [55] [56] [57] . This paper is organised as follows: In section 2 we introduce our conventions and state the relation which we would like to show. In section 3 we review the CHY construction and give the building blocks for the Einstein-Yang-Mills amplitudes. In section 4 we derive the the EinsteinYang-Mills relations from the CHY representation. We provide a generalisation for more than one graviton in section 5. Finally, our conclusions are given in section 6.
Notation
We denote gauge bosons by g and gravitons by h. The two polarisation states of a gauge boson are denoted g + and g − , the two polarisation states of the graviton by h ++ and h −− . Our convention for the normalisation of the generators of the gauge group is
In this paper we are on the one hand concerned with tree-level amplitudes in pure Yang-Mills theory. These amplitudes can be decomposed into sums of group-theoretical factors multiplied by kinematic functions called primitive amplitudes. For the n-gauge boson tree amplitude this decomposition reads
where the sum is over all non-cyclic permutations σ of the external legs. The prefactor g denotes the coupling of Yang-Mills theory. The primitive amplitudes A YM n are gauge invariant and each primitive amplitude has a fixed cyclic order of the external legs, specified by σ = (σ 1 , ..., σ n ).
The n-tuple of external momenta corresponding to (g 1 , g 2 , ..., g n ) is denoted by p = (p 1 , ..., p n ) and the n-tuple of external polarisations by ε = (ε λ 1 1 , ..., ε λ n n ) with λ j ∈ {+, −}. It is sometimes convenient to use an alternative notation for the arguments of the primitive amplitudes:
We will use both notations interchangeable.
On the other hand we are concerned with tree-level amplitudes in Einstein-Yang-Mills theory with (n − 1) gauge bosons and one graviton. These may be written as
where the dots stand for contributions with two or more traces. For amplitudes in Einstein-YangMills theory we use the notation A EYM n,r , indicating that the amplitude contains r external gauge bosons and (n − r) external gravitons. The coupling of the graviton is κ/4, where κ = √ 32πG N in the Gauß unit system and κ = √ 8G N in natural units. In this paper we are interested in the tree-level single trace amplitudes A EYM n,n−1 . In principle we may compute these amplitudes from the Lagrange density
by perturbatively expanding around the flat Minkowski metric η µν
Alternatively we may compute the amplitudes A EYM n,n−1 with the help of the CHY representation, which we will review in section 3. The polarisation of the graviton is described by a product of two polarisation vectors for gauge bosons:
Also in the case of Einstein-Yang-Mills amplitudes it will be convenient to introduce a second notation for the arguments of the amplitudes. We write
where σ ∈ S n−1 is a permutation of (n − 1) elements, p = (p 1 , ..., p n ) and ε = (ε λ 1 1 , ..., ε λ n n ) as before, whileε = (ε λ n n ) contains only a single element. In this way the two polarisation vectors for the graviton, appearing on the right-hand side of eq. (7), are split between ε andε.
Recently, Stieberger and Taylor [11] obtained the relation
where
The minus sign on the right-hand side of eq. (9) is related to the sign convention of the gauge coupling within the field strength tensor. Our convention is
Eq. (9) expresses the tree-level single trace Einstein-Yang-Mills amplitude with one graviton and (n − 1) gauge bosons as a linear combination of pure Yang-Mills amplitudes with n gauge bosons. In ref. [11] the relation (9) was derived from the low-energy limit of string theory and by considering appropriate collinear and soft limits. Ref. [11] raised the question, if eq. (9) can be derived within the framework of the scattering equations. In this paper we give an affirmative answer to this question and we derive eq. (9) from the CHY representation.
The CHY representation
For massless particles the scattering equations read
For the variables z j we have z j ∈ C ∪ {∞}. There are (n − 3)! inequivalent solutions for the n-tuples z = (z 1 , z 2 , ..., z n ). Two solutions are called inequivalent if they are not related by a PSL(2, C) transformation. The scattering equation formalism allows us to represent tree-level amplitudes in Yang-Mills theory and Einstein-Yang-Mills theory as a sum over the inequivalent solutions of the scattering equations. This is the CHY representation. We define three ingredients: A Jacobian factor J(z, p), a cyclic factor (or Parke-Taylor factor) C r (σ, z) and a polarisation factor E r (z, p, ε). Note that the Jacobian factor neither depends on the cyclic order σ nor on the polarisations ε. The cyclic factor depends only on the cyclic order σ, but not on the polarisations ε. On the other hand, the polarisation factor depends on the polarisations ε, but not on the cyclic order σ.
We start with the definition of the Jacobian factor J(z, p). It will be convenient to set z i j = z i − z j . We define a n × n-matrix Φ(z, p) with entries
Let Φ i jk rst (z, p) denote the (n−3)×(n−3)-matrix, where the rows {i, j, k} and the columns {r, s,t} have been deleted. We set
With the above sign included, the quantity det ′ Φ(z, p) is independent of the choice of {i, j, k} and {r, s,t}. The Jacobian factor is given by
Let us now consider a permutation σ ∈ S r with 2 ≤ r ≤ n. The cyclic factor (or Parke-Taylor factor) is given by
For r = 0 we set C 0 (σ, z) = 1, for r = 1 we set C 1 (σ, z) = 0. Let us now turn to the polarisation factor E r (z, p, ε). For a subset {i 1 , i 2 , ..., i r } ⊆ {1, 2, ..., n} with 1 ≤ r ≤ n we denote the corresponding subset of polarisation vectors by ε ′ = (ε
with
and
Note that the sum in the diagonal entries of C ab is over (n − 1) terms and not just (r − 1) terms. For 1 ≤ r ≤ (n − 2) we set
For r = 0 we set E 0 (z, p, ε ′ ) = 1, for r = n − 1 we set E n−1 (z, p, ε ′ ) = 0. For the case r = n the polarisation factor E n (z, p, ε) is defined in terms of a reduced Pfaffian. We denote for 1 ≤ i < j ≤ n by Ψ i j i j (z, p, ε) the (2n − 2) × (2n − 2)-matrix where the rows and columns i and j of Ψ(z, p, ε) have been deleted. We then set
With all ingredients at hand we may now present the CHY representation of tree amplitudes in Einstein-Yang-Mills theory. We consider scattering amplitudes with r gauge bosons and (n − r) gravitons. Without loss of generality we assume that the first r particles are gauge bosons, while the particles labelled from (r + 1) to n are gravitons. We denote by σ a permutation of the gauge bosons (i.e. a permutation of (1, ..., r)) and we set
Then
where the sum is over the inequivalent solutions of the scattering equations. A few special cases are worth mentioning explicitly: For r = n we obtain the pure gauge boson amplitudes
for r = 0 the pure graviton amplitudes
In this paper we are interested in Einstein-Yang-Mills amplitudes with (n − 1) gauge bosons and one graviton. These correspond to the case r = n − 1. Explicitly we have
Note that eq. (22) may also be written as a multi-dimensional contour integral:
The measure dΩ CHY is defined by
Derivation of the relation from the CHY representation
In this section we derive the relation eq. (9), relating tree-level single trace Einstein-Yang-Mills amplitudes with one graviton and (n − 1) gauge bosons to a linear combination of pure YangMills amplitudes with n gauge bosons from the CHY representation. It will be convenient to introduce a short-hand notation for the cyclic factors. We write
Our derivation is based on the following identity, reminiscent of eikonal factors:
Eq. (31) is easily proven by repeated use of the identity
In order to derive eq. (9), we write down the left-hand side and the right-hand side of this relation and insert the CHY representation for all amplitudes. Let us start with the left-hand-side, suppressing all arguments which are not relevant to the discussion:
The polarisation factor E 1 is given by
For the second equality we first separated the term k = n − 1 from the remaining sum, used momentum conservation p n−1 = −p 1 −...− p n−2 − p n within this term and the fact that 2p n ·ε n = 0. We thus have
Let us now turn to the right-hand side of eq. (9).
where we inserted the CHY representation and used the definition of q l = l ∑ k=1 p k . We now exchange the order of the l-and k-summation and use
We obtain
We now see that eq. (38) equals eq. (35) if for all k ≤ (n − 2) and n ≥ 3 we have
This is precisely eq. (31) and completes the proof of eq. (9).
Generalisations
Let us now discuss generalisations of eq. (9) towards tree-level single trace amplitudes with r gauge bosons and (n − r) gravitons. The CHY representation of these amplitudes, given in eq. (22), provides us with guidance. We first note that not all primitive Yang-Mills amplitudes A YM n (w, p, ε) (where w denotes the cyclic order) are independent. Cyclic invariance, Kleiss-Kuijf relations [58] and Bern-Carrasco-Johansson relations [59] reduce the number of independent primitive Yang-Mills amplitudes to (n−3)! independent ones. We may fix three external particles at specified positions, which we choose without loss of generality as 1, (n − 1) and n. We denote by B the corresponding set of independent cyclic orders. By inspection of eq. (22) and eq. (23) we see that we may express the Einstein-Yang-Mills amplitudes with (n − r) gravitons as a linear combination of Yang-Mills amplitudes with cyclic order w ∈ B, provided we find coefficients
Note that we only need to find the coefficients α w when the variables z ( j) are a solution of the scattering equations. The linear system in eq. (40) has a solution. With the notation of [34] we
and a vector G j through
Thus we seek a solution of the linear system of equations
The matrix M red w j has an inverse N red jw , given by
Thus the coefficients α w (σ, p,ε) are given by
We then obtain
which provides the generalisation of eq. (9) towards an arbitrary number of gravitons. Eq. (47) expresses a tree-level single trace Einstein-Yang-Mills amplitude with r gauge bosons and (n −r) gravitons as a linear combination of pure Yang-Mills tree amplitudes with n gauge bosons. Note that the expression on the right-hand side of eq. (47) is in a BCJ basis, while the expression on the right-hand side of eq. (9) is not in a BCJ basis and can be reduced with the help of the BCJ relations.
Note that the coefficients α w (σ, p,ε) may be written as
The integral in eq. (48) is a global residue. The expressions for the coefficients α w in eq. (46) and eq. (48) offer a compact representation valid for all n and r, at the expense of a sum over the solutions of the scattering equations. Let us stress that due to the methods of [35, 36] , this sum can always be performed without knowing the solutions of the scattering equations, giving a (in general lengthy) rational function in the scalar products 2p i p j , 2p i ε j and 2ε i ε j . For two gravitons (corresponding to r = n − 2) and three gravitons (r = n − 3) one recovers the explicit formulae of [15] , once a common BCJ basis has been chosen. Let us give an example: We consider the amplitude with 2 gravitons and 2 gauge bosons, thus n = 4 and r = 2. The basis B consists of a single element, which we may take as w = (1, 2, 3, 4) . For the permutation of the two gauge bosons we take σ = (1, 2). We obtain A EYM 4,2 (σ, p, ε,ε) = t 2ε 3 ·ε 4 + (2ε 3 · p 2 ) (2ε
where the usual definitions of the Mandelstam variables s = (p 1 + p 2 ) 2 , t = (p 2 + p 3 ) 2 , u = (p 1 + p 3 ) 2 have been used.
Conclusions
In this paper we have shown that the relation, which relates single trace Einstein-Yang-Mills amplitudes with one graviton and (n − 1) gauge bosons to a linear combination of pure YangMills amplitudes with n gauge bosons, can be derived from the CHY representation. The proof relies on the general properties of the building blocks of the CHY representations, in particular those of the Parke-Taylor factors. In addition, we derived the generalisation for an arbitrary number of gravitons.
